In this paper, we present fractional B-spline collocation method for the numerical solution of fractional differential equations. We consider this method for solving linear fractional differential equations which involve Caputo-type fractional derivatives. The numerical results demonstrate that the method is efficient and quite accurate and it requires relatively less computational work. For this reason one can conclude that this method has advantage on other methods and hence demonstrates the importance of this work. 
Introduction
In recent decades the fractional calculus has been used extensively in several problems in fluid flow, control problem, signal processing, viscoelastic materials, polymers and other areas of basic science and engineering [1] [2] [3] [4] [5] . Oldham and Spanier [6] have played a key role in the development of the subject. Most fractional differential equations do not have exact solutions, so approximation and numerical techniques must be used. Recently, Sev-eral methods have been used to solve fractional differential equations. These include the Laplace transform method [3] , Fourier transform method [4] , Adomians decomposition method [7] , Homotopy analysis method [8, 9] , Homotopy perturbation method [10, 11] , Variational iteration method [12] [13] [14] [15] [16] [17] , Legendre wavelets [18] B-spline collocation method [19] , collocation method [20] and so on. In this paper, we present a numerical technique to solve fractional differential equation
with the initial condition
by using collocation method. Where ( ) is given function. Also is a linear operator and α is the Caputo fractional derivative. The basic idea of the collocation method is to assume that the unknown solution ( ) can be approximated by a linear combination of some basis functions, called the fractional B-spline functions. The Spline functions are very efficient and useful in signal processing, mathematical and computer graphics [21] [22] [23] [24] . In [25] , Blu and Unser gave an extension of B-splines to fractional orders and later in [26] , Forster et. al gave an extension to complex power. There are several definitions of fractional derivative and integral in fractional calculus. For example, the RiemannLiouville integral operator [27] of order α is defined by
and its fractional derivative of order (α ≥ 0) is normally given as
where is an integer. It has the following property:
The next equation defines Caputo fractional derivatives of order α, [1, 29] which is a modification of RiemannLiouville definition:
where is an integer. In this paper we have chosen to use the Caputo fractional derivative because it allows traditional initial and boundary conditions to be included in the formulation of the problem. We use the fractional BSpline collocation method to solve fractional differential equations. The paper is organized in the following way, In Section 2 we present fractional B-splines and some of their properties [30] . In Section 3, the fractional B-spline collocation method is applied for numerical solution of the fractional differential equations. Finally, some numerical examples are given in Section 4 to demonstrate the effectiveness of the proposed method.
Fractional B-splines
In this section, we summarize the main definition of the B-splines and fractional B-splines. Unser and Blu first mentioned the fractional B-Splines in [30] , and later extended Schoenberg's family of polynomial splines to all fractional degrees α > −1.
Definition 1.
The basic functions for Schoenberg's polynomial splines with uniform knots [25, 28] are:
where the one-side power function ( − ) + is defined as follows:
The fractional B-spline of fractional degree α is defined to form below:
they are in L 2 as well. Proof: The proofs in [30] .
The basic space of fractional splines of degree α, with scale , is defined as
which involves stretching the basis functions by a factor of and spacing them accordingly.
Fractional B-spline collocation method
In this section we describe the fractional B-spline collocation method to obtain the approximate solution of equation (1) . Our numerical treatment for solving equation (1) using the collocation method with fractional B-splines basic functions is to find an approximate solution ( ) to the exact solution ( ). We choose a sequence of dimensional subspace X ⊂ X ≥ 1. We assume X have a basis { 1 }. We seek a function ( ) ∈ X and write:
where are unknown quantities to be determined. To construct an approximate solution, we consider a mesh 0 = 0 < 1 < < = as a uniform partition of the solution domain 0 ≤ ≤ by the knots and substituting the approximate solutions (7) into equations (1) yields
then by solving linear system (8), we determine { 
when −→ ∞ and −→ ∞ then 2 ( ) −→ ( ). The choice of collocation scheme is influenced by several factors. Firstly, the continuity or regularity and degree of the B-splines affect the number of unknowns. Secondly, it is desirable to select the same number of collocation points as unknowns such that a unique solution can be found, that is, the number of equations (residual evaluations) should equal the number of unknowns. Thirdly, because the accuracy of the solution depends on the choice of collocation points, an effective set of collocation points is desired.
Illustrative examples
In this section we present numerical results of some fractional differential equations which will demonstrate the effectiveness of the above method.
Example 4.
Consider the fractional B-spline collocation method for solving fractional differential equation:
subject to the initial condition (0) = 0. For this problem we have the exact solution as ( ) = √ .
In Table 1 , the absolute errors between the exact solution and that obtained by the fractional B-spline collocation method at various values of mesh points on [0 1] with considering = 1 2 are given. Table 1 . Absolute errors of equation (9) In Figure 1 , the exact solution and approximate solution ( ) of equation (9) using fractional B-spline collocation method are plotted.
Example 5.
The next example is given by the following fractional dif- Table 2 . Absolute errors of equation (10) In Figure 2 , the exact function and approximate function plot below:
Example 6.
Finally we consider the fractional differential equation subject to the initial condition (0) = 0, whose the exact solution is 1 3 .
We use fractional B-spline collocation method on [0 1] and solve equation (11) In Figure 3 , the exact solution and approximate solution using fractional B-spline collocation method are plotted.
Conclusion
In this paper, using collocation method, we developed an efficient and accurate method for numerically solving fractional differential equations. By employing this technique, the problem was reduced to solving a system of algebraic equations. lidity and applicability of the technique. All computations were done using the Mathematica software package.
